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Finite element methodThe present paper develops and implements ﬁnite element formulation for the asymptotic homogeniza-
tion theory for periodic composite plate and shell structures, earlier developed in Kalamkarov (1987) and
Kalamkarov (1992), and thus adopts this analytical method for the analysis of periodic inhomogeneous
plates and shells with more complicated periodic microstructures. It provides a benchmark test platform
for evaluating various methods such as representative volume approaches to calculate effective proper-
ties. Furthermore, the new numerical implementation (Cheng et al., 2013) of asymptotic homogenization
method of 2D and 3D materials with periodic microstructure is shown to be directly applicable to predict
effective properties of periodic plates without any complicated mathematical derivation. The new
numerical implementation is based on the rigorous mathematical foundation of the asymptotic homog-
enization method, and also simplicity similar to the representative volume method. It can be applied eas-
ily using commercial software as a black box. Different kinds of elements and modeling techniques
available in commercial software can be used to discretize the unit cell. Several numerical examples
are given to demonstrate the validity of the proposed methods.
 2013 Elsevier Ltd. All rights reserved.1. Introduction Various engineering approaches are widely used for plate andPlate and shell structures are widely used in various
applications, such as aerospace, marine, and other engineering
applications. To obtain higher stiffness and lighter weight, these
structures are often accompanied by stiffeners, ribs, or other
complicated microstructures, such as corrugated plate and lattice
truss core sandwich panel, which result in inhomogeneous and
heterogeneous material in micro scale. Analysis of this kind of
structure can be tedious because of their large scale and complex
microstructures.
In practical applications, plate and shell structures such as
honeycomb plate are often comprised of periodic unit cells. This
kind of plate and shell structures are periodic in-plane, and can
be considered as homogeneous macroscopically. Many researchers
have studied these kinds of structures, and developed various
methods to predict their effective stiffnesses, such as engineering
approaches (Gibson and Ashby, 1999; Chen, 2011), asymptotic
homogenization method (Kalamkarov, 1987, 1992; Kalamkarov
and Kolpakov, 1997; Kalamkarov et al., 2009), variational
asymptotic method (Lee and Yu, 2011; Xia et al., 2003) assumed
that the average mechanical properties of a representative volume
element (RVE) are equal to the average properties of the particular
composite laminate.shell structures for their simplicity. These approaches usually sim-
plify mechanical behavior of the unit cell, which are only applica-
ble when the unit cell and its components have certain relations.
For the periodic honeycomb plate, in-plane elastic modulus of
the honeycomb formed from hexagonal cells is given in Gibson
and Ashby (1999). Bending stiffnesses are obtained using in-plane
elastic moduli based on the Kirchhoff hypothesis. However, Chen
(2011) found that the honeycomb bending can not be evaluated
by using the equivalent elastic moduli obtained from the in-plane
deformation, and proposed a theoretical technique for calculating
the honeycomb ﬂexural rigidity (Chen, 2011). Other plate conﬁgu-
rations are also studied by many researchers, such as re-entrant
honeycomb structure (Grima et al., 2011; Scarpa et al., 2000).
Asymptotic homogenization method is a well-knownmethod in
predicting material properties. It has rigorous mathematical foun-
dation, which is based on perturbation theory, and calculates effec-
tive properties by solving partial differential equations deﬁned on
a unit cell (see Hassani and Hinton (1999) for reference on predic-
tion of effective property of material with periodicity in three
dimensions). This theory gives exact solution if the macrostructure
is large enough so it is composed of a very large number of unit
cells. (Kalamkarov, 1987, 1992) (see also Kalamkarov and Kolpakov
(1997) and Kalamkarov et al. (2009)) developed asymptotic
homogenization theory for plate and shell through elaborate and
complicated analytical derivation, which takes thickness of the
plate and shell as a small dimension, and has microstructure
Y. Cai et al. / International Journal of Solids and Structures 51 (2014) 284–292 285periodic in-plane with small tangential dimensions of a periodicity
cell comparable with the small thickness. Based on this theory,
they analyzed a variety of composite and structurally inhomoge-
neous plate and shell structures using certain simpliﬁcations in the
solution of the corresponding unit cell problems, see Kalamkarov
(1987, 1992), Kalamkarov and Kolpakov (1997), Kalamkarov et al.
(2006, 2007, 2009), Kalamkarov andGeorgiades (2004), Georgiades
and Kalamkarov (2004) and Georgiades et al. (2010). However, the
ﬁnite element method is not given any priority in their work
(Pedersen, 1998). It is known that this asymptotic homogenization
theory of periodic plate structure is difﬁcult to implement numer-
ically (Lee and Yu, 2011).
The present paper develops and implements ﬁnite element for-
mulation for the asymptotic homogenization theory for plate and
shell developed by Kalamkarov (1987) and Kalamkarov (1992),
thus adopts this method to be capable of solving plate and shell
with complicated microstructures. Because of the rigorous mathe-
matical foundation of this method, it provides a benchmark test
platform for evaluating various approaches such as RVE method
to calculate effective properties.
In numerical implementation of ﬁnite element method for the
asymptotic homogenization theory, only 2D solid element and
3D solid element are mostly adopted in literature. This seems
due to the fact that researchers often should do more work on der-
ivation and coding of ﬁnite element formulation of the unit cell
problem according to different element types. But if we only use
these two kinds of elements to discretize all unit cells with compli-
cated microstructures, there will be normally large numbers of ele-
ments in one unit cell, especially if components of different sizes
exist, and solving these ﬁnite element equations is usually time-
consuming. The authors have developed a new numerical imple-
mentation of the asymptotic homogenization method to predict
effective properties of periodic materials with periodicity in three
dimensions (Cheng et al., 2013). It is interesting to discover this
new numerical implementation can be extended to plate structure
with periodicity in-plane without any complicated mathematical
derivation. The new numerical implementation has rigorous math-
ematical foundation of the asymptotic homogenization method,
and also simplicity as the RVE method. It can use commercial soft-
ware as a black box, and use all kinds of elements and modeling
techniques available in commercial software to discretize the unit
cell, so the model may remain a fairly small scale.
This paper is organized as follows. Firstly, the asymptotic
homogenization theory for plate and shell developed by
Kalamkarov (1987, 1992) is described brieﬂy in Section 2, and its
ﬁnite element formulation is given in Section 3. The new numerical
implementation of the asymptotic homogenization method to
predict effective properties of plate with periodicity in-plane is
presented in Section 4. After that, Section 5 gives some examples
to verify these methods. At last, conclusions are drawn in Section 6.Fig. 1. (a) Three dimensional composite layer with periodic microstructure in-
plane. (b) Unit cell. (Kalamkarov, 1992; Kalamkarov and Kolpakov, 1997; Kala-
mkarov et al., 2009)2. Asymptotic homogenization of periodic plate structure
Plate and shell structure has a small dimension along its thick-
ness direction in comparison with other two directions, and how to
derive the theory of plate and shell from the three dimensional
elasticity theory is a long-standing and challenging problem in
the last century. Asymptotic homogenization theory of 2D and
3D periodic material has already been developed before
(Bakhvalov and Panasenko, 1989; Bensoussan et al., 1978;
Sanchez-Palencia and Zaoui, 1987). For plate and shell structure
with periodic microstructure in-plane and a ﬁnite dimension in
thickness direction, how to derive their effective properties from
the rigorous mathematical homogenization theory is equally difﬁ-
cult. Kalamkarov (1987, 1992) analytically developed asymptotichomogenization theory of plate and shell based on the rigorous
perturbation theory.
Consider a general three dimensional layer with periodic micro-
structure in-plane using the notations and ﬁgures in Kalamkarov
(1992), Kalamkarov and Kolpakov (1997) and Kalamkarov et al.
(2009), see Fig. 1. The periodic unit cell X is shown in Fig. 1(b).
a1;a2; c are orthogonal curvilinear coordinates, such that the coor-
dinate lines a1;a2 coincide with the main curvature lines of the
middle surface and coordinate line c is normal to the middle sur-
face (c ¼ 0). Thickness of the layer and the dimensions of the unit
cell are assumed to be small as compared with the dimensions of
the structure in whole. These small dimensions of the periodicity
cell are characterized by a small parameter d.
The unit cell X is deﬁned by the following relations:
 dh1
2
< a1 <
dh1
2
;  dh2
2
< a2 <
dh2
2
; c < c < cþ;
c ¼  d
2
 dF a1
dh1
;
a2
dh2
  ð1Þ
where d is the thickness of the layer, dh1 and dh2 are dimensions of
the unit cell in middle surface, functions F deﬁne the geometry of
the upper and lower reinforcing elements Sþ; S, such as ribs and
stiffeners.
Introduce the following fast variables n ¼ ðn1; n2Þ; z:
n1 ¼
a1A1
dh1
; n2 ¼
a2A2
dh2
; z ¼ c
d
ð2Þ
where A1ðaÞ;A2ðaÞ are Lame coefﬁcients at point a ¼ ða1;a2Þ on the
middle surface in a1;a2 directions respectively.
The displacements and stresses are expressed in the form of the
following two-scale asymptotic expansions:
uiða; n; zÞ ¼ uð0Þi ðaÞ þ duð1Þi ða; n; zÞ þ d2uð2Þi ða; n; zÞ þ   
rijða; n; zÞ ¼ rð0Þij ða; n; zÞ þ drð1Þij ða; n; zÞ þ d2rð2Þij ða; n; zÞ þ   
ð3Þ
Here Latin indices i; j assume values of 1, 2, 3. Substitute (3) into the
equilibrium equations, and expand in powers of d. As a result of
asymptotic homogenization procedure, the following relations
between displacements and stresses can be drawn (Kalamkarov,
1992; Kalamkarov and Kolpakov, 1997; Kalamkarov et al., 2009):
u1 ¼ v1ðaÞ  cA1
@wðaÞ
@a1
þ dUlm1 elm þ d2Vlm1 slm þ Oðd3Þ
u2 ¼ v2ðaÞ  cA2
@wðaÞ
@a2
þ dUlm2 elm þ d2Vlm2 slm þ Oðd3Þ
u3 ¼ wðaÞ þ dUlm3 elm þ d2Vlm3 slm þ Oðd3Þ
rij ¼ blmij elm þ dblmij slm þ Oðd2Þ
ð4Þ
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summed. v1ðaÞ; v2ðaÞ;wðaÞ are middle surface displacements. Mid-
dle surface strains are denoted as e11 ¼ e1; e22 ¼ e2 (elongations),
e12 ¼ e21 ¼ x=2 (shear), s11 ¼ j1; s22 ¼ j2 (bending) and s12 ¼ s21
¼ s (twisting).
The unit cell problems are formulated as (Kalamkarov, 1992;
Kalamkarov and Kolpakov, 1997; Kalamkarov et al., 2009):
1
hb
@bklib
@nb
þ @b
kl
i3
@z
¼ 0
1
hb
nb b
kl
ib þ n3 bkli3 ¼ 0 at z ¼ z
1
hb
@bklib
@nb
þ @b
kl
i3
@z
¼ 0
1
hb
nb b
kl
ib þ n3 bkli3 ¼ 0 at z ¼ z
ð5Þ
where nþi ;n

i are components of the normal unit vector to the upper
and lower surfaces ðz ¼ zÞ of the unit cell, deﬁned in the coordinate
system n1; n2; z. b
lm
ij ; b
lm
ij are deﬁned as
blmij ¼
1
hb
cijnb
@Ulmn
@nb
þ cijn3 @U
lm
n
@z
þ cijlm
blmij ¼
1
hb
cijnb
@Vlmn
@nb
þ cijn3 @V
lm
n
@z
þ zcijlm
ð6Þ
where cijkl is elastic tensor of solid material, functions
Ulmn ðn1; n2; zÞ;Vlmn ðn1; n2; zÞ are solutions of the unit cell problems.
These local functions deﬁne effective stiffness of the homogenized
shell. Constitutive relations of the equivalent anisotropic homoge-
neous shell can be represented as follows (Kalamkarov, 1992; Kala-
mkarov and Kolpakov, 1997; Kalamkarov et al., 2009):
Nab ¼ d bklab
D E
ekl þ d2 bklab
D E
skl
Mab ¼ d2 zbklab
D E
ekl þ d3 zbklab
D E
skl
ð7Þ
where Nab;Mab are stress resultants, ekl; skl are middle surface
strains. The angular brackets denote averaging over the volume of
the unit cell:
f n1; n2; zð Þh i ¼
1
Xj j
Z
X
f n1; n2; zð Þdn1dn2dz ð8Þ
It can be proved that the following symmetry properties exist
(Kalamkarov, 1992):
bmnij
D E
¼ bijmn
D E
; bmnij
D E
¼ zbijmn
D E
; zbmnij
D E
¼ zbijmn
D E
:
bklab
D E
; bklab
D E
¼ zbabkl
D E
; zbklab
D E
are the effective stiffness moduli
of the homogenized shell. It can be observed from (7) that there is a
correspondence between the effective stiffness moduli and the
extensional ½A, coupling ½B, and bending ½D stiffness coefﬁcients
from classical composite laminate theory (Gibson, 1994):
A B
B D
 
¼
d b1111
D E
d b2211
D E
d b1211
D E
d2 zb1111
D E
d2 zb2211
D E
d2 zb1211
D E
d b2211
D E
d b2222
D E
d b1222
D E
d2 zb2211
D E
d2 zb2222
D E
d2 zb1222
D E
d b1211
D E
d b1222
D E
d b1212
D E
d2 zb1211
D E
d2 zb1222
D E
d2 zb1212
D E
d2 b1111
D E
d2 b2211
D E
d2 b1211
D E
d3 zb1111
D E
d3 zb2211
D E
d3 zb1211
D E
d2 b2211
D E
d2 b2222
D E
d2 b1222
D E
d3 zb2211
D E
d3 zb2222
D E
d3 zb1222
D E
d2 b1211
D E
d2 b1222
D E
d2 b1212
D E
d3 zb1211
D E
d3 zb1222
D E
d3 zb1212
D E
2
66666666666664
3
77777777777775
ð9Þ
Here the symmetry properties are used.In summary, to calculate effective stiffness coefﬁcients of the
plate with periodic microstructure, we need to solve the unit cell
equations (5, 6) deﬁned on the unit cell under periodic boundary
conditions. Then, using the local functions Ulmn ðn1; n2; zÞ;Vlmn
ðn1; n2; zÞ, functions blmij ðn1; n2; zÞ; blmij ðn1; n2; zÞ can be calculated
from (6). Average functions blmij ðn1; n2; zÞ; blmij ðn1; n2; zÞ on the unit
cell using (8), then effective stiffness coefﬁcients in (9) are
obtained (Kalamkarov, 1987, 1992; Kalamkarov and Kolpakov,
1997; Kalamkarov et al., 2009).
3. Finite element formulation
The asymptotic homogenization theory of periodic plate struc-
ture in above section seems difﬁcult to implement numerically
(Lee and Yu, 2011). With respect to applications of the developed
analytical theory, the publications (Kalamkarov, 1987, 1992; Kala-
mkarov and Kolpakov, 1997; Kalamkarov and Georgiades, 2004;
Kalamkarov et al., 2006, 2007, 2009; Georgiades and Kalamkarov,
2004; Georgiades et al., 2010) are focused on application of the
analytical techniques of solving the relevant unit cell problems,
and on derivation of analytical expressions for the effective proper-
ties. Numerical methods of solution of the unit cell problems are
not used in these publications (Pedersen, 1998). However, the
numerical methods, and the ﬁnite element method, in particular,
represent a very effective tool for solving the unit cell problems
and calculating the effective properties. In this section, ﬁnite ele-
ment formulation of the homogenization procedure in Section 2
is derived using 3D solid element.
First, we need to solve the unit cell equations on the unit cell,
i.e. (5) and (6). To simplify these equations, we deﬁne a new coor-
dinate system gj:
gb ¼ hbnb; g3 ¼ z; ð10Þ
where h1; h2 characterize the ratio of the in-plane to thickness
dimensions of the unit cell, which are constants for a speciﬁed
structure. Now the unit cell Eqs. (5) and (6) become
@bklij
@gj
¼ 0
nj b
kl
ij ¼ 0 at z ¼ z
@bklij
@gj
¼ 0
nj b
kl
ij ¼ 0 at z ¼ z
ð11Þ
and
blmij ¼ cijnk
@Ulmn
@gk
þ cijlm
blmij ¼ cijnk
@Vlmn
@gk
þ zcijlm
ð12Þ
(11) and (12) are very similar in form with the equilibrium
equations and constitutive equations in the theory of elasticity, ex-
cept the terms cijlm; zcijlm in (12). Analogous to the variation proce-
dure of elastic problem in ﬁnite element theory (Cook et al., 2001),
we discretize the unit cell with solid ﬁnite element, and the follow-
ing ﬁnite element formulation of (11) can be drawn easily:
Kakl ¼ f kl
Kakl ¼ f kl
K ¼
Z
X
BTcBdX
f kl ¼
Z
X
BTce0ðklÞdX
f kl ¼
Z
X
zBTce0ðklÞdX
ð13Þ
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vectors, akl, akl are global nodal displacement vectors. akl corre-
sponds to local function U, and akl corresponds to local function
V . B is strain–displacement matrix, c is elasticity matrix, z is coor-
dinate in the g3 axis direction. Integrations on unit cell are calcu-
lated from summation of element-wise quantities. Superscript kl
denotes load cases (kl 2 11;22;12f g), thus there are six load cases
(six equations to be solved) in all, corresponding to six unit strain
vectors e0ðklÞ and ze0ðklÞ:
e0ð11Þ ¼
1
0
0
0
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
; e0ð22Þ ¼
0
1
0
0
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
; e0ð12Þ ¼
0
0
0
0
0
1
8>>>>><
>>>>:
9>>>>>=
>>>>;
;
ze0ð11Þ ¼
z
0
0
0
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
; ze0ð22Þ ¼
0
z
0
0
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
; ze0ð12Þ ¼
0
0
0
0
0
z
8>>>>><
>>>>:
9>>>>>=
>>>>;
;
ð14Þ
The ﬁnite element formulation of (12) is
bkl ¼ c e0ðklÞ  ekl 
bkl ¼ c ze0ðklÞ  ekl  ð15Þ
where ekl ¼ Bakl; ekl ¼ Bakl, and akl;akl are obtained from solv-
ing (13) under periodic boundary conditions.
Average bkl;bkl on the unit cell using (8), then effective stiff-
ness coefﬁcients in (9) are obtained.
bkl
D E
¼ 1
Xj j
Z
X
c e0ðklÞ  ekl dX
bkl
D E
¼ zbkl
D E
¼ 1
Xj j
Z
X
c ze0ðklÞ  ekl dX
zbkl
D E
¼ 1
Xj j
Z
X
zc ze0ðklÞ  ekl dX
ð16Þ
In summary, six linear ﬁnite element equations in (13) should
be solved under periodic boundary conditions to get local functions
akl;akl. Then calculate bkl;bkl on the unit cell using (15). Finally,
Average bkl;bkl on the unit cell using (16), and get effective stiff-
ness coefﬁcients in (9).
We wrote a program for the above numerical procedure, which
used 3D solid element, and can calculate effective stiffness of plate
with arbitrary periodic microstructures. However, if the unit cell
consists of components of different sizes, such as very slender bars
or thin sheets compared with the unit cell size, there may be large
number of solid elements in the ﬁnite element model, and can not
afford to compute. Implementations of the asymptotic homogeni-
zation method using other element types, such as beam element,
shell element, are rarely seen in literature, because they need more
efforts on derivation and coding. To overcome these difﬁculties, we
developed a new numerical implementation of the asymptotic
homogenization method, which is shown below.
4. New numerical implementation
Recently, the authors have developed a new numerical imple-
mentation of the asymptotic homogenization method to predict
effective properties of periodic materials with periodicity in three
dimensions (Cheng et al., 2013). Noting that the asymptotic
homogenization method for periodic plate structure (13) and
(16) is very similar with the asymptotic homogenization methodfor 2D and 3D periodic materials (Cheng et al., 2013), the new
numerical implementation of asymptotic homogenization method
developed in Cheng et al. (2013) can be easily extended to asymp-
totic homogenization method for periodic plate structure.
The whole procedure of the new numerical implementation for
periodic plate structure is described as follows.
Firstly, construct ﬁnite element model of the unit cell. Because
we use commercial software as a black box, we can use all kinds of
elements and modeling techniques available in commercial
software.
Then, apply nodal displacement of the ﬁnite element model
equivalent to unit strain ﬁelds. The unit strain ﬁelds include three
in-plane strain ﬁelds e0ðklÞ and three ﬂexural strain ﬁelds ze0ðklÞ.
Their corresponding nodal displacement ﬁelds are denoted as
v0ðklÞ and vðklÞ respectively, and corresponding force vectors in
(13) can be rewritten as
f kl ¼ Kv0ðklÞ
f kl ¼ KvðklÞ ð17Þ
which means the nodal force vector can be calculated by multiply-
ing stiffness matrix K with the displacement ﬁeld v0ðklÞ and vðklÞ. In
commercial software such as ANSYS, we can just apply nodal dis-
placement vector v0ðklÞ or vðklÞ on each node, run one static analy-
sis, and get nodal reaction force f kl or f kl directly from software’s
output. Here K ; f kl and f kl are stiffness matrix and force vector
without periodic boundary conditions.
If nodal displacements in ﬁnite element model of the unit cell
are only translational displacements, the nodal displacements
(v0ðklÞ and vðklÞ) on each node equivalent to unit strain ﬁelds
(e0ðklÞ and ze0ðklÞ) (14) are
vnode ¼
u
v
w
8><
>:
9>=
>;; v
0ð11Þ
node ¼
x
0
0
8><
>:
9>=
>;; v
0ð22Þ
node ¼
0
y
0
8><
>:
9>=
>;;
v0ð12Þnode ¼
y=2
x=2
0
8><
>:
9>=
>;; v

node ¼
u
v
w
8><
>:
9>=
>;; v
ð11Þ
node ¼
zx
0
x2=2
8><
>:
9>=
>;;
vð22Þnode ¼
0
zy
y2=2
8><
>:
9>=
>;; v
ð12Þ
node ¼
zy=2
zx=2
xy=2
8><
>:
9>=
>;:
ð18Þ
Note that alternative formula of v0ðklÞ;vðklÞ can also be used as well.
For example,
v0ð12Þnode ¼
y
0
0
8>><
>:
9>>=
>;
:
Here the nodal displacement is applied on every node in the unit
cell. If nodal displacements consist of rotational degrees of freedom,
the form of equivalent nodal displacements may be more
complicated.
After calculation of equivalent nodal force vector f kl and f kl
in (17), the force vector is then applied to nodes in the unit cell,
and we solve ﬁnite element Eqs. (13) under periodic boundary con-
ditions. Note that here the plate is periodic in-plane, and the top
and bottom face boundaries are free. To avoid confusion, we re-
write (13) in the form with consideration of periodic boundary
conditions
~K~akl ¼ ~f kl
~K~akl ¼ ~f kl
ð19Þ
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tion matrix, which transforms the full nodal degrees of freedom
to the master ones with the consideration of periodic boundary con-
ditions. In the following, we assume ~akl and ~akl have been ex-
panded to be the same number of degrees of freedom as akl and
akl. akl ¼ T~akl; akl ¼ T~akl. In commercial software, we can just
apply nodal force f kl and f kl on each node, apply periodic bound-
ary conditions, run one static analysis, and get characteristic dis-
placement ﬁeld ~akl and ~akl directly from software’s output.
After we get characteristic displacement ﬁelds ~akl and ~akl, the
effective stiffness coefﬁcients are strain energies of the unit cell,
and can be written asFig. 2. Flowchart of the new nbklbf
D E
¼ 1
Xj j v
0 bfð Þ  ~abf TK v0ðklÞ  ~akl 
bklbf
D E
¼ zbbfkl
D E
¼ 1
Xj j v
0 bfð Þ  ~abf TK vðklÞ  ~akl 
zbklbf
D E
¼ 1
Xj j v
 bfð Þ  ~abf TK vðklÞ  ~akl 
ð20Þ
(20) needs stiffness matrix K of the unit cell, which can not be
get easily from commercial software. So in commercial software,
we can apply characteristic displacement ﬁeld ~akl and ~akl on
every node, run one static analysis, and get corresponding nodal
reaction force Pkl and Pklumerical implementation.
Fig. 4. Re-entrant honeycomb.
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Pkl ¼ K~akl
ð21Þ
so (20) can be rewritten as the work done by the reaction forces:
bklbf
D E
¼ 1
Xj j v
0 bfð Þ  ~abf T f kl  Pkl 	
bklbf
D E
¼ zbbfkl
D E
¼ 1
Xj j v
0 bfð Þ  ~abf T f kl  Pkl 	
zbklbf
D E
¼ 1
Xj j v
 bfð Þ  ~abf T f kl  Pkl 	
ð22Þ
Note that all quantities in (22) are either given or outputs directly
from commercial software, and are now prepared for calculating
effective stiffness coefﬁcients of the structure.
Fig. 2 is a ﬂowchart of the above new numerical implementa-
tion of the asymptotic homogenization method for periodic plate
structure, which is copied from Cheng et al. (2013) with necessary
modiﬁcation.
The whole process of the new numerical implementation is
mainly comprised of three parts:
1. Get equivalent nodal force vector (17).
2. Solve equilibrium equations and get characteristic dis-
placements (19).
3. Use characteristic displacements to calculate effective
modulus (22).
The above numerical implementation procedure in Fig. 2 is sim-
ilar with the 2D and 3D periodic materials in Cheng et al. (2013),
except the following differences:
 For the present periodic plate structure, unit strain ﬁelds
include three in-plane strain ﬁelds e0ðklÞ and three ﬂexuralFig. 3. (a) Honeycomb plate; (b) Unit ce
Table 1
Comparison of results.
Method A11 A22 A12 A66 D11
AH 8.84 103 8.80 103 8.79 103 3.48 105 7.51
NIAH 8.84 103 8.80 103 8.79 103 3.48 105 7.51
AH 8.81 103 8.78 103 8.75 103 2.38 105 7.49
NIAH 8.81 103 8.78 103 8.75 103 2.38 105 7.49strain ﬁelds ze0ðklÞ. Accordingly, the force vectors include
three in-plane resultant forces and three moments.
 For the present periodic plate structure, only the opposite
faces in-plane of the unit cell are periodic boundaries,
and the top and bottom faces in thickness direction are
free.
If the new numerical implementation uses the same ﬁnite ele-
ment model as the traditional implementation, they will give the
same results. The new numerical implementation can use com-
mercial software as a black box, and use all kinds of elements and
modeling techniques available in commercial software to discret-
ize the unit cell, so the model may remain a fairly small scale.5. Examples
5.1. Veriﬁcation of the new numerical implementation
Firstly, we want to verify that the new numerical implementa-
tion in Section 4 is equivalent to the traditional implementation in
Section 3. The honeycomb plate is used here, which is composed ofll; (c) In-plane sizes of the unit cell.
D22 D12 D66 Mesh
104 7.37 104 7.27 104 3.45 105 68508 Hex
104 7.37 104 7.27 104 3.45 105 68508 Hex
104 7.36 104 7.20 104 3.33 105 301920 Hex
104 7.36 104 7.20 104 3.33 105 301920 Hex
Table 2
Comparison of results.
Method A11 A22 A12 A66 D11 D22 D12 D66 Mesh
AH 7.77 102 1.00 101 5.13 102 6.55 103 9.05 103 9.98 103 2.41 103 2.55 103 8160 Hex
NIAH 7.77 102 1.00 101 5.13 102 6.55 103 9.05 103 9.98 103 2.41 103 2.55 103 8160 Hex
Table 3
Comparison of results.
Method A11 A22 A12 A66 D11 D22 D12 D66 Mesh
RVE Cheng et al. (2013) 9.51 103 1.13 102 – 4.74 105 7.93 104 9.43 104 – 3.95 106 1400 shell
DH Chen (2011) 8.67 103 8.67 103 8.65 103 2.16 105 7.31 104 7.26 104 7.16 104 3.48 105 –
AH 8.81 103 8.78 103 8.75 103 2.38 105 7.49 104 7.36 104 7.20 104 3.33 105 301920 Hex
NIAH 8.63 103 8.61 103 8.60 103 2.29 105 7.20 104 7.13 104 7.05 104 3.17 105 1400 shell
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Fig. 3(a). The unit cell is shown in Fig. 3(b).
The thickness of the plate is d ¼ 1. In-plane sizes of the unit cell
are shown in Fig. 3(c). The unit cell is deﬁned by seven parameters
h1;h2; l1; l2; t1; t2; t3. In this example, we used h1 ¼ 6;h2 ¼ 2
ﬃﬃﬃ
3
p
; l1Fig. 5. Unit cell using shell elements.
Fig. 6. (a) Lattice truss core sandwich panel; (b) Unit cell using beam elements an
Table 4
Comparison of results.
Method A11 A22 A12 A66 D11
NIAH (No foam) 1.04 105 1.04 105 3.13 104 3.69 104 1.04 10
NIAH (with foam) 1.34 105 1.34 105 4.33 104 4.59 104 1.14 10¼ l2 ¼ 2; t1 ¼ t2 ¼ 0:1; t3 ¼ 0:05, so the unit cell is a regular
hexagonal honeycomb structure with angle of inclination
a ¼ 120	. The solid phase material properties are E ¼ 1; m ¼ 0:3.
The effective stiffness calculated from the two methods are
shown in Table 1. For simpliﬁcation, here we used AH for asymp-
totic homogenization method for plate given in Section 3, NIAH
for new numerical implementation of asymptotic homogenization
method for plate given in Section 4. We can see that when we use
the same mesh in AH and NIAH methods, they gave exactly the
same results. When we use ﬁner mesh in the model, the effective
stiffnesses decrease, which agrees with the ﬁnite element theory.
A re-entrant honeycomb structure is also testiﬁed, see Fig. 4,
which can also be described by the seven parameters in Fig. 3(c).
Here we used h1 ¼ 6;h2 ¼ 2
ﬃﬃﬃ
3
p
; l1 ¼ l2 ¼ 4; t1 ¼ t2 ¼ 0:8; t3 ¼ 0:4,
and the thickness of the plate is d ¼ 1. The solid phase material
properties are E ¼ 1; m ¼ 0:3.
From Table 2, we can see that AH and NIAH methods gave the
same results when they use the same mesh.d shell elements; (c) Sizes of the unit cell; (d) The unit cell ﬁlled with foam.
D22 D12 D66 Mesh
7 1.04 107 3.12 106 3.65 106 92 beam, 1933 shell
7 1.14 107 3.53 106 3.96 106 92 beam, 1933 shell, 90221 solid
Y. Cai et al. / International Journal of Solids and Structures 51 (2014) 284–292 2915.2. Honeycomb plate
This example is the honeycomb plate shown in Fig. 3. Here we
used different methods to calculate effective stiffness of the plate.
The sizes of the unit cell and material properties are the same as
above.
The effective stiffness calculated from different methods are
shown in Table 3. Results of DH Chen, AH, NIAH methods coincide
well, but the results of RVE method differ larger from other meth-
ods. Because NIAH method uses commercial software as a black-
box, we can use all kinds of elements available in commercial
software, such as beam element, shell element, etc. In this exam-
ple, the wall thickness of the honeycomb is very small compared
with length, so it is suitable to use shell element to discretize the
unit cell, see Fig. 5. Results of NIAH method using shell element
are a little smaller than that using solid element, which is reason-
able, and the computing time is greatly decreased. We can see that
even AH method used a large number of solid element, its results
are larger than that from DH Chen and NIAH method, which means
the ﬁnite element model using a large number of solid element is
still stiffer than that using a limited number of shell elements.5.3. Lattice truss core sandwich plate
Because NIAH method uses commercial software as a blackbox,
theoretically we can calculate effective stiffness of plate structures
with rather complicated microstructures and multiple material
phases, so long as their ﬁnite element models can be built up in
commercial software. To show the capabilities of the NIAH
method, we considered some more complicated examples.
Fig. 6 shows a sandwich panel construction with carbon
ﬁber-reinforced pyramidal lattice truss (Wang et al., 2010). The
schematic of pyramidal core is shown in Fig. 6(c). The unit cell is
deﬁned by the cross-sectional diameter of the truss d, length of
truss l, inclination angle x, the distance t between the two closest
rods, and the thickness of the face sheet th. In this example, we
considered
d ¼ 2 mm;l ¼ 34:6 mm;x ¼ 35:26	; t ¼ 3 mm;th ¼ 2 mm. We as-
sume that the face sheets and truss core are made from the same
material, and the material properties are E ¼ 23:7 103 MPa;
m ¼ 0:3. Furthermore, we considered this lattice truss core sand-
wich plate ﬁlled with foam, see Fig. 6(d). The material properties
of the foam are E ¼ 1:4 103 MPa;m ¼ 0:4.
The effective stiffnesses of the sandwich plate with and without
foam are shown in Table 4. In the ﬁnite element model, we used
beam elements for lattice trusses, shell elements for face sheets,
and solid elements for foam. The in-plane stiffness of the lattice
truss plate with foam are about 30% higher than that without foam,
and the ﬂexural stiffnesses are increased by about 10%.6. Conclusions
This paper develops and implements the ﬁnite element formu-
lation for the asymptotic homogenization theory for periodic com-
posite plates and shells earlier developed in Kalamkarov (1987)
and Kalamkarov (1992), see also Kalamkarov and Kolpakov
(1997), Kalamkarov et al. (2009), Kalamkarov et al. (2007), Kala-
mkarov et al. (2006), Kalamkarov and Georgiades (2004), Georgi-
ades and Kalamkarov (2004) and Georgiades et al. (2010). And
thus adopts this method for the analysis of periodic inhomoge-
neous plates and shells with more complicated periodic micro-
structures. Because of the rigorous mathematical foundation of
this method, it provides a benchmark test platform for evaluating
various approaches to calculate effective properties.To overcome the technical difﬁculties in application of the
asymptotic homogenization method, we develop a new numerical
implementation of the asymptotic homogenization theory
(Kalamkarov, 1987; Kalamkarov, 1992). This numerical method was
implemented in this paper using the commercial software ANSYS
(other commercial software is also possible) as a black box, and
three numerical examples were carried out to demonstrate the
effectiveness and simplicity of the new implementation. The new
numerical implementation can use different kinds of elements
available in commercial software, thus it can solve a large number
of problems that the traditional approaches cannot handle. Be-
cause the new numerical implementation is based on the asymp-
totic homogenization method, it has the same high accuracy. All
values used in the algorithm can be directly obtained from the out-
put of the commercial software. This reduces threshold of its appli-
cation, and allows the extensions into the other applications like
heat transfer, etc.Acknowledgement
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